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The existence of both a minimum mass and a minimum density in nature, in the presence of a 
positive cosmological constant, is one of the most intriguing results in classical general relativity. 
These results follow rigorously from the Buchdahl inequalities in four dimensional de Sitter space. 
In this work, we obtain the generalized Buchdahl inequalities in arbitrary space-time dimensions 
with A ^ 0 and consider both the de Sitter and anti-de Sitter cases. The dependence on D, 
the number of space-time dimensions, of the minimum and maximum masses for stable spherical 
objects is explicitly obtained. The analysis is then extended to the case of dark energy satisfying 
an arbitrary linear barotropic equation of state. The Jeans instability of barotropic dark energy is 
also investigated, for arbitrary D, in the framework of a simple Newtonian model with and without 
viscous dissipation, and we determine the dispersion relation describing the dark energy—matter 
condensation process, along with estimates of the corresponding Jeans mass (and radius). Finally, 
the quantum mechanical implications of mass limits are investigated, and we show that the existence 
of a minimum mass scale naturally leads to a model in which dark energy is composed of a ‘sea’ of 
quantum particles, each with an effective mass proportional to A 1 ' 4 . 

Keywords: extra dimensions; maximum mass; star; minimum mass; dark energy; Jeans insta¬ 
bility 
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I. INTRODUCTION 


The problem of the maximum mass-radius ratio of a 
stable compact object is one of the most fundamental 
problems in both general relativity and theoretical astro¬ 
physics. In a classic paper, Buchdahl [lj obtained the 
famous result that the ratio of the total mass M and ra¬ 
dius J? of a high density stable star cannot exceed the 
value 4/9, GM/c 2 R < 4/9. The two basic physical as¬ 
sumptions used in the derivation of the upper bound for 
the mass-radius ratio are that the energy density in the 
star does not increase outwards and that the pressure is 
isotropic. On the other hand, by applying the princi¬ 
ple of causality and Le Chatelier’s principle, in it was 
shown through numerical integration of the general rel- 
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ativistic hydrostatic equilibrium equation (the Tolman- 
Oppenheimer-Volkoff (TOV) equation) that the maxi¬ 
mum mass of the equilibrium configuration of a dense 
star cannot exceed 3.2 Mq, where M 0 ss 1.981 x 10 33 
g is the solar mass. This numerical value is presently 
adopted in the astrophysical literature as indicating the 
mass limit separating black holes from stable stellar type 
configurations. 

Due to its major astrophysical and theoretical impor¬ 
tance, the Buchdahl limit has been extensively investi¬ 
gated. The effects of the presence of a cosmological con¬ 
stant on the stellar mass-radius ratio were considered in 
0, while limits on M/R for charged spheres were derived 
in pj. In Q, it was argued that some of the assumptions 
used to derive the Buchdahl inequality were very restric¬ 
tive. For example, neither of them hold for a simple soap 
bubble. By relaxing these assumptions and considering 
any static solution of the spherically symmetric Einstein 
equations for which the energy density p > 0 and the 
radial and tangential pressures, p > 0 and pr, satisfy the 
condition p+2pp < Slpc 2 , D > 0, one can obtain the rela¬ 
tion sup r>0 [2Gm(r)/c 2 r] < (1 + 2f l) 2 — 1 / (1 + 2O) 2 
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Q. These bounds were generalized to the case of charged 
compact general relativistic objects in [§]. Bounds on 
M/R for static objects with apositive cosmological con¬ 
stant A > 0 were obtained in [7|, where it was shown that 
the relation GM/c 2 R < 2/9 — AR 2 /3+ (2/9)a/1 + 3A R 2 
holds if the energy conditions listed above are satisfied. 
Buchdahl type inequalities, expressed in terms of the 
mean fluid density of the sphere, in space-times with 
arbitrary D and A ^ 0 were also derived in [M, 
while the case of stable stars in five dimensional Gauss- 
Bonnet gravity was considered in 0- In [§!] it was 
shown that in D dimensions the Buchdahl inequality 
for the maximum mass-radius ratio can be formulated 
as GM/R d ~ 3 < 2 (D — 2 )/(D — l) 2 . The standard as¬ 
sumptions used in deriving the Buchdahl inequality were 
relaxed in 0 , where various matter property depending 
bounds were obtained. 

In 01 it w as shown that, in the framework of classical 
general relativity, the presence of a positive cosmologi¬ 
cal constant implies the existence of a minimum mass 
and a minimum density in nature. These results follow 
rigorously from the generalized Buchdahl inequalities for 
D = 4, with A > 0. In this scenario, the mass and 
mean density of a stable compact object must satisfy the 
conditions 2 GM/c 2 R > AR 2 /6 and p > Ac 2 /167rG, re¬ 
spectively. These bounds were extended to the case of 
anisotropic compact objects in [0] , while bounds for the 
minimum masses of charged particles were derived in 0 - 
The physical implications of the existence of a minimum 
mass (in D = 4) were investigated in [Tsj . An especially 
important result is that the ratio Zp ; /A, where Ipi is the 
reduced Planck length and A is the four-dimensional cos¬ 
mological constant, is numerically of the same order of 
magnitude as rf, where r e ~ 2.818 x 10“ 13 cm denotes 
the classical electron radius. This suggests the identifi¬ 
cation of A in terms of fundamental physical constants 
as 


/ 4 

A= ^ = 


1.4 x 10“ 56 cm" 


( 1 ) 


where and e are the electron mass and charge, respec¬ 
tively [15( | . Remarkably, the same formula was obtained 
using a set of axioms for A based on a close analogy 
with the Khinchin axioms in information theory fl6| . In 
this method, the dependency of the information measure 
on probabilities of events was formally replaced by the 
dependency of the cosmological constant on the funda¬ 
mental constants of nature [17| ■ 

In Section El we also consider a new interpretation 
of the bound on IpJ A, in terms of the Chandrasekhar 
mass for a condensate of quantum dark energy particles. 
An intriguing possibility is that dark energy, obeying an 
equation of state of the form pdec 2 +pde = 0, may con¬ 
dense to form stable self-gravitating objects. This sce¬ 
nario was originally considered in [181]- [24j. Dark energy 
stars or, in a wider sense, objects with negative pres¬ 
sure in their interiors, are interesting alternatives to the 
standard black hole paradigm. In one implementation of 


this idea, hypothetical compact general relativistic ob¬ 
jects called gravastars (gravitational vacuum stars) have 
been proposed as an alternative explanation for the as- 
trophysical characteristics usually associated with black 
holes 0]-[32j]. The basic physical idea of this scenario is 
that the quantum vacuum undergoes a phase transition 
at the moment the event horizon is formed. Therefore, 
the structure of a gravastar consists of an interior de Sit¬ 
ter condensate obeying the dark energy equation of state, 
pc 2 = —p. This interior is matched to an exterior consist¬ 
ing of a shell of finite thickness described by the equation 
of state pc 2 = p , and the shell is then matched at its vac¬ 
uum boundary to an exterior Schwarzschild solution. 

In this paper, we consider the Buchdahl limit, and the 
resulting minimum mass and density, for static spher¬ 
ically symmetric compact objects in an arbitrary D- 
dimensional geometry. From the Einstein field equations 
in arbitrary dimensions with A ^ 0 and the hydrostatic 
equilibrium equation, the generalizations of the Buch¬ 
dahl limit for arbitrary D , and of the minimum mass al¬ 
lowed for any classical elementary particle, are obtained. 
In the particular case of D = 4, these limits reduce to 
the corresponding expressions given in Q and 0, re¬ 
spectively. On the other hand, cosmological observations 
such as those of high redshift supernovae or the Cos¬ 
mic Microwave Background (CMB) data from the Planck 
mission 0,0 suggest that the dark anergy equation of 
state is linear, with the state parameter lying in the range 
— l<w= pde/pde < —1/3, where p DE and p DE are 
the thermodynamic pressure and the dark energy density, 
respectively 0], Therefore, the possibility that dark en¬ 
ergy is not exactly a cosmological constant cannot be re¬ 
jected a priori. Taking into account this possibility, we 
obtain the Buchdahl and minimum mass limits in arbi¬ 
trary space-time dimensions for dark energy obeying a 
linear barotropic equation of state. The conditions for 
the collapse of a star embedded in the dark energy fluid 
are also derived in both the de Sitter and anti-de Sitter 
cases. 

In addition, an interesting physical possibility is that 
dark energy may undergo a phase transition leading to a 
condensation process, which could be either gravitational 
or of Bose-Einstein type. In this scenario, the conden¬ 
sation of dark energy ‘particles’ could produce compact 
super-massive objects. We study the condensation pro¬ 
cess using the classical method of Jeans instability |36|, 
generalized to arbitrary space-time dimensions, and by 
taking into account the possibility of the presence of vis¬ 
cous dissipative effects in the dark energy fluid. The 
role of the dissipative processes in the occurrence of the 
Jeans instability was studied in 0]. As a first step we 
derive the mass of the dark energy condensate in the 
framework of the Newtonian dissipationless approxima¬ 
tion by assuming that the dark energy fluid condenses, 
or transforms via a phase transition, into an ideal non- 
relativistic fluid. In four dimensions, the corresponding 
Jeans mass is proportional to A~ 1,/2 and its numerical 
value is close to the observationally estimated total mass 
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of the Universe. We also show that the Jeans mass can 
be represented in a form similar to the Chandrasekhar 
mass, that depends only on the fundamental constants. 
The effect of the bulk viscosity of the dark energy fluid 
on the condensation process is also investigated. 

Although a self-consistent and credible theory of quan¬ 
tum gravity has not been found, we use general argu¬ 
ments to investigate the possible quantum mechanical 
implications of the existence of a minimum mass and min¬ 
imum density. Firstly, we show that, in four-dimensions, 
the Jeans mass of the dark energy Mj oc (c 2 /G) A -1 / 2 , 
having a numerical value of the order of the mass of the 
Universe, can be obtained from thermodynamic consid¬ 
erations related to the physics of Schwarzschild-de Sitter 
black holes. We then associate the minimum mass with 
a temperature which, intriguingly, is very close to the 
present day temperature of the CMB radiation. More¬ 
over, we show that the existence of a minimum mass 
bound leads naturally to a hierarchical model in which 
quantum ‘particles’ above a certain size effectively de¬ 
cohere via interaction with the cosmological constant (or 
dark energy fluid) and in which dark energy itself is com¬ 
posed of quantum particles with an effective mass pro¬ 
portional to A 1//4 . 

This paper is organized as follows. In Section m the 
.D-dimensional Einstein field equations with a nonzero 
cosmological constant are introduced and the expressions 
for the Buchdahl limit and the classical minimum mass 
are obtained. The more general case of a D-dimensional 
sphere of matter embedded in a dark energy fluid obeying 
an arbitrary barotropic equation of state is considered in 
Section cm and the corresponding limiting masses are 
derived. The Jeans instability of the dark energy fluid is 
discussed in Section cm within the framework of a sim¬ 
ple Newtonian model. Finally, the quantum mechanical 
implications of the existence of a classical minimal mass 
and density are investigated in Section 0 and a brief dis¬ 
cussion of our main results is presented in Section EH 


II. MASS LIMITS FOR SPHERICALLY 
SYMMETRIC STARS IN D DIMENSIONS IN 
THE PRESENCE OF A COSMOLOGICAL 
CONSTANT 


In this Section, we first introduce the Einstein 
field equations in arbitrary space-time dimensions with 
A ^ 0 and derive the hydrostatic equilibrium equation 
(the Tolman-Oppenhcimer-Volkoff (TOV) equation) for 
spherically symmetric objects. We then derive the D- 
dimensional generalizations of the Buchdahl limit and of 
the minimum mass in general relativity. In estimating 
critical length and mass scales throughout this paper we 
use the approximate values c ft 2.998 x 10 10 ems -1 , G ft 
6.674 x 10" 8 cm 3 g _1 s" 2 , h ft 2 tt x 1.055 x 10" 27 erg s 
and A Ri 3 x 10 -56 cm~ 2 for the fundamental constants. 


A. Tolman-Oppenheimer-Volkoff equation in D - 
dimensional space-time 

In arbitrary D space-time dimensions, the interior met¬ 
ric inside a spherically symmetric fluid sphere takes the 
form m 


ds 2 = e v ^d(ct) 2 — e x ^dr 2 — r 2 dti 2 D _ 2 , ( 2 ) 


where dfl 2 D _ 2 is the line element on the unit Sd- 2 sphere, 


dVL 2 D _ 2 = dd 2 + sin 2 9\d6\ + ... + sin 2 ■ ■ ■ sin 2 dr>- 3 d(j ) 2 , 

(3) 

with the coordinate domains 0 < r < oo, 0 < 0i < tt (i = 
1,..., D — 3) and 0 < </> < 27 t. 

The Einstein field equations in D space-time dimen¬ 
sions, in the presence of a D-dimensional cosmological 
constant Ap, are 

n - \^ v r - a ds^ = (4) 

where the D-dimensional Newton’s constant Gd is im¬ 
plicitly defined so that the field equations takes the same 
form in any number of dimensions. The energy momen¬ 
tum tensor inside the fluid sphere is given by 

r„ = (pc 2 + F)tt\-FC (5) 


where is the D-velocity, u ^ = Sq e - "^/ 2 , p is the 
energy density and P is the pressure. 

For the metric given by Eq. 0, the gravitational field 
equations become (38, 39 


(D — 2)A'e _A (D — 2)(D — 3)(e -A — 1) 


2r 


2 r 2 


8nG D 

- n -P+Al), 

C 2 

( 6 ) 


(D - 2)v'e~ x , (D - 2)(D - 3)(e" A - 1) 
2r + 2^ 


87tG d 


P-Ad, 

(7) 



(D — 3)(D — 4)(e 


v'\' 
-A _ 


2 r 2 


(D- 2)(,/-A') 


1) 


4r 
87tG p 


P -A 


D, 


( 8 ) 


where a prime denotes the derivative with respect to 
the radial coordinate r. From the continuity equation, 
V m T^, = 0, it follows that 


2 P' 


pc 2 + P 


(9) 


Equation © can be immediately integrated, giving 

87 tG d 2 1 




c 2 D _ 2 r D -3 J Q 


p{r') 


D ~ 2 dr' - 


2A D r 2 


(D — 1)(D — 2) 


( 10 ) 
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The ‘accumulated mass at radius r’ (i.e. the mass inside 
the radius r) is defined in the D — 1 dimensional spatial 
volume, in a way consistent with the four-dimensional, 
case as 


and T(x) is the Gamma function. For D = 4, T(3/2) 
\/n/2, and we obtain ST 2 = 47 r. 

Therefore 


M(r) = n D _ 2 r p(r')r' D ~ 2 dr', (11) 

Jo 

where Qd -2 is the surface area of the unit Sd -2 sphere, 

_ D-l 

27T 2 


&D- 2 = 


IW) 


( 12 ) 


_A(r) _i 16TrG D M(r) 2A D r 2 

(D - 2)c 2 n D - 2 r D ~ 3 (D-l){D-2)' 

(13) 

By using Eqs. © and (1131) in Eq. ©, we obtain the 
TOV equation in arbitrary space-time dimensions, in the 
presence of a cosmological constant, as 


dP_ 

dr 


(pc 2 + P) 


( 87 rGp p 2A d \ r D— 1 

y c 4 r D—l 1 ' 


+ (^-3)JfeM(r) 


(D - 2) r 


D -2 


1 - 


(D 


I67 tG d M(r\ _ — 

-2)c 2 n D -2r 1J - :sIyl v) (D-1 )(d-2) 


2Apr 2 


(14) 


B. Upper and lower bounds for the mass-radius 
ratio in D space-time dimensions 


The bounds on the mass-radius ratio in D dimensions 
can be derived solely by imposing some realistic restric¬ 
tions on the behavior of the energy density p. The mass- 
radius ratio is independent of the equation of state that 
relates p(r) and P(r) and, using Eqs. © and (fill) , the 
thermodynamic pressure P(r) can always be eliminated 
from the field equations. It is convenient to first rewrite 
the equations in terms of the generalized Buchdahl vari¬ 
ables (x,w,£,y), defined as 


x = r 2 , w(r) = 


8TrG D M(r) 


TT’C = e 


(D - 2)c 2 n D _ 2 r D ~ 1 

2A D r 2 


- W 2 


y 2 = e - A(r) = 1 - 2 w(r)r 2 - 


(£>-!)(£>- 2 ) 


Note that, in the case of constant density (or for D = 3), 
the second term in Eq. (1171) vanishes. Throughout the 
rest of this analysis, we impose the following physical 
conditions on the stellar structure. We require that both 
the local density p and the mean density 


__(£>- l)M(r) 
P Q, D - 2 r D ~ l 


(18) 


do not increase as r increases. That is, we require p and 
p to be monotonically decreasing functions of r inside 
the fluid matter distribution. We also assume that this 
condition is independent of the equation of state of the 
matter inside the star. The density monotonicity condi¬ 
tion implies that 


d_ / M(r) \ 
dr \ r 15-1 ) 


< 0 


dw 

dx 


< 0 . 


(19) 


In terms of the new variables, Eqs. © and m can be 
written as 

1 d( _ 1 dP ' d _ 2 d( 

C dx pc 2 + Pdx dx (C ) PC dx ’ ( ) 


and 

dP (pc 2 + P ) 


dx y 

(D — 3) 


1 


f p A c 

2 (D — 2) V c 4 ~ (D- 1) 


-w 


(16) 


respectively. After eliminating P(r), we obtain 


Using Eq. 03 and introducing a new independent vari¬ 
able £, defined as 


£(r) = f r' 

Jo 


1 - 


I 67 tGdM (r) 


(D - 2 )c 2 n D _ 2 r D ~ 3 


2A D r 2 


(£>-!)(£>- 2 ) 


dr', 


( 20 ) 


with £( 0 ) = 0 , we obtain the condition for the stabil¬ 
ity of a general relativistic fluid sphere in D space-time 
dimensions in the following form, 


fc 

d£ 2 


< 0 . 


( 21 ) 


d / d(\ D — 3 ( dw 
dx \ dx) 2 y dx 


( 17 ) 


This condition must hold for all r£ [0,1?], where R marks 
the spatial boundary of the fluid distribution. By using 

































We can also assume that 
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the mean value theorem, we obtain the following inequal¬ 
ity for dC,/dl 


dC ((£) - C(0) 

de - £ 

Since £(0) > 0, it follows that 


( 22 ) 


a(r') 


M(r') 

r iD -3 


> a(r) 


M(r) 

r D -3 



IdC < 1 
c dt - l ■ 


(23) 


Next, we introduce the parameter a(r), defined as 


or, equivalently, 


(27) 


a(r) = 1 + 


2A 


D 


(77 — 2 )c 2 n 0 2 r 


D—l 


(D-1)(D- 2) 8itGdM (r) 


(24) 


so that 


167rGz)M(r)a(r) 

(77 - 2)c 2 fi D _ 2 r D - 3 ' 


(25) 


From the condition that ^ ^ j j < 0, we can conclude 
that, for r’ <r, 


M(r') ^ M(r) 

r rD-1 — r D -1 • 


(26) 


J 


167rG_DM(r , )a(r / ) 
(77 - 2)c 2 n D ^ 2 r' D ~ 3 


1 

2 


> 


I67 TGnM(r)a(r) , 2 

(7?- 2)c 2 n D - 2 r- D - 17 ’ 



(28) 


Hence, the right-hand side of the inequality (l23l) is 
bounded from above, such that 


( 



16itGdM (r’)a(r') 
(77 - 2 )c 2 n D -. 2 r ,D ~ 3 



!6nG dM (r)a(r) 
(77 - 2)c 2 n D ^ 2 r D - 1 


l-i/l- 


167 tGdM (r)a(r) 
(77 - 2)c 2 n D ^ 2 r D - 3 


.(29) 


Substituting from Eqs. (fl5l) and (fTO in Eq. (E3ll . we 
hnally obtain 


1 ( 87rG D p _ 2A P \ r 2 , 

D-2 \ c 4 77 - 1 y 


tn _ ox 8TrG D M(r) 

1 j (77 - 2)c 2 Hz3_ 2 r B - 3 


< 2/(1 + 2/)- 


(30) 


The Buchdahl inequality (l30l) is valid for all r e [0,7?] 
inside the star. This allows us to determine the upper 


bound on the mass-radius ratio, which is a natural con¬ 
sequence of the theory of general relativity (there is no 
similar bound in Newtonian gravity), and to determine 
the more subtle lower bound on the mass-radius ratio 
when a nonzero cosmological constant is included in the 
analysis. 

To obtain these bounds, we evaluate the inequality (l30l) 
at the surface of the star r = 7?, where P(72) = 0 and 
M(R) = M, with M denoting the total mass. This gives 


r 8 nG D M ^ f 16 t tG d M 2 A d R 2 WnG D M 

1 ’ (D - 2)c 2 n D - 2 R D - 3 ~ V (77 - 2)c 2 n D ^ 2 R D ~ 3 (77 - 1)(77 - 2) + (77 - 2)c 2 n D ~ 2 R D - 3 ' 1 ’ 


For convenience, we redefine the variables in the above Hence the inequality (|31l) becomes 
inequality as 

8nG D M l 2A d R 2 

U ~ (77 — 2)c 2 fl D - 2 R D ~ 3 ’ (77 — 1)(77 — 2) ’ (77 - 3)u < Vl - 2u - b + 1 - 2u. (33) 
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By squaring both sides of Eq. (1331) and simplifying, we 
obtain 


u 2 - 2 


{D- l) 2 {D- l) 2 


< 0 , 


(34) 


or, equivalently, 


When D = 4, we reproduce the known result represented 
by the standard Buchdahl inequality (lj. 


G a M 4 
c 2 R ~ 9' 


(41) 


(u — u\){u — u 2 ) < 0, 
where we have denoted 


(35) 


Generically, for nonzero Ad, the reality of u\ and u 2 
requires 


u 1 


D -2 

P ~ l) 2 


1 + 



2p-l) 
P~ 2)3 


A D R 2 


(36) 


u 2 


D-2 

p^p 


1 - 



2p-l) 

P-2) 3 


AdP 2 


(37) 


A- 

2 (D - 1) D 


(42) 


To check the sign of each factor in the inequality (1351) . anc ^ we can conclude that u satisfies the following in 
we set Ad = 0, giving equality 


(u — u\)u < 0 (38) 

Since u is always positive, the condition u < u\ implies 
that 


u — u\ < 0 , u — u 2 > 0. (43) 


8t tG d M ^ 2 (D - 2) 

(D - 2)c 2 n D „ 2 R D ~z ~ (D — l) 2 ’ 

4-kG d M ^ /D — 2\ 2 
c 2 n D _ 2 R D ~ 3 - Vd-iJ 


Therefore, when a nonzero cosmological constant is taken 
into account, there exist both lower and upper bounds on 
the mass-radius ratio for stellar type objects in arbitrary 
(40) D dimensional space-times 


D-2 
D - 1 


1 - 




< 


8t tG d M 

c 2 n D . 2 R D ~ 3 


< 


D-2 
D- 1 



1 - 


(44) 


Equation (1441 ) gives a nontrivial (positive) lower bound 
only when 0 < Ad < (1/2 )(D — 2) 3 (D — l) -1 i? -2 . On 
the contrary, the upper bound always exists, regardless 
of the sign of Ad- 


w = constant. The Einstein equations then become 
(D- 2)X'e~ x (D — 2){D — 3)(e _A — 1) 


2r 

8itGd , , 

— 2 —(p + Pde), 


2 r 2 


(45) 


III. MASS LIMITS FOR SPHERICALLY 
SYMMETRIC SYSTEMS IN THE PRESENCE OF 
DARK ENERGY 


8eG d 2 

—+ wp DE c ), 
d 1 


(46) 


In this Section, we generalize the analysis in Section ITT1 
to the situation where the ‘star’ (i.e. spherically symmet¬ 
ric object) is embedded in a space-time filled with dark 
energy, characterized by a thermodynamic energy density 
Pde and a thermodynamic pressure pde, respectively, 
obeying a generic equation of state Pde = w^dec 2 , where 


.-a 


/P v ’ 2 i/W 

~2 + ~4 4~ ' 

(D — 3)(D — 4)(e _A — 1) 
2r 2 


P-2)P-A') 


4r 

8ttGd 


(P + wpdec 2 ) - 
(47) 
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Equation (1451) can be integrated again to obtain 

.-A(r) _ i _ 167r Gp [M(r) + M DE (r)] , , 

(D - 2 )c 2 n D _ 2 r D ~ 3 ’ [ ’ 

where the ordinary ‘matter mass’ M(r) is given by 
Eq. dill) and the dark energy mass is given by the same 


relation, with pde replacing p. Note that the total phys¬ 
ical accumulated mass of the star is thus M tot (r) = 
M (r) + Mde(V) . By using the Einstein equations and the 
conservation of the energy-momentum tensor, the gener¬ 
alized TOY equation can be obtained as 


d(P + wpbec 2 ) 

dr 


[pc 2 + P + (1 + w)pueC 2 ] 

^ (P + wpnEC 2 ) r D ~ l + 8 "gn£; 3) Mtotir) 

{D - 2) r D - 

-2 

1 (n-2)c 2 n D _ 2 r u -3^ to *( r ) 



(49) 


We now assume that the dark energy profile is constant Hence the TOV equation can be rewritten as 
throughout the star, which is equivalent to assuming the 
ultrastiff condition for the dark energy fluid. For a con¬ 
stant dark energy density profile, the dark energy mass 
content of the star becomes 

r D -1 

Me>e( r) = H £) _ 2 Pde ^ _ i ■ (50) 

I 


dP eff 

dr 


{pc 2 + Peff) 


( SttGd p 2A_d ) 

( c 4 ^ e ff D- 1 j 

r D -i + {D 3) 8 ^fP] 

(D- 2)r 

D- 2 

1 16ir GdM(t-) 2A n r 2 


(D-2)c'Q d 

- 2 r u - 3 (D-l)(D-2) 


(51) 


where we have denoted A d = 8hGdPde/c 2 , and the ef- As a result, the same analysis as performed in Section 
fective pressure is P e // = P + (1 + w)puec 2 . Note that III Bl can be repeated to obtain 

Eq. (l5ll) is simply Eq. (Il4l) for P e ff- 


J 


A d R 2 , . (D~l)8nG D M 


D - 2 


(1 -I- w) + 


< 4/1 — 


16 ttGdM 


2 A d R 2 


{D - 2)c 2 n D _ 2 R D ~ 3 ~ I/ (D - 2)c 2 n D - 2 R D ~ 3 (D-1)(D -2) 


+ 1 . 


r 


(52) 


Hence, the inequality (l52l) yields the upper and lower where 
bounds 

. , 87 t GdM . . . 

{D ~ 2)U ~ ~ C^ g _ 2 V-3 ^ & - 2 ) U+ ’ ^ 


U± = 


D -2 


1 — (1 + w ) (D-1)2 KdR2 


± JiT^V 1 + 2w Jjhw ADR2 ' 


For w = — 1, where dark energy is represented by a cos¬ 


mological constant, these reduce to the bounds given in 














































Eq. (l44l) . as required. However, for w < 0, the upper 
and lower limits are more interesting, yielding different 
physical possibilities. First of all, both nontrivial upper 
and lower bounds only exist when 


. 1 (D- 2) 3 

D < 2wR 2 D — 1 


(54) 


-(D - 2)/(D - 1). 

(2) the anti-de Sitter case, with Ad < 0, w > —(D — 

2 )/{D — 1). 

For positive Ad, the accelerated expansion of the D- 
dimensional universe requires 


which is the analogue of Eq. (TE1) . As long as the above 
condition is satisfied, a positive real upper bound always 
exists. Thus, any star with a mass larger than the upper 
bound will inevitably collapse into a D-dimensional black 
hole. 

On the other hand, for the lower bound, two possibil¬ 
ities exist, namely 

(1) the de Sitter case, with A d > 0, w < 


w < -{D - 3 )/(D - 1) (= -1/3 for D = 4). 

The existence of a minimum mass demands the more 
stringent constraint, w < —(D — 2 )/(D — 1), which gives 
w < -2/3 for D = A. When the negative pressure from 
the dark energy is sufficiently strong, i.e., when the con¬ 
ditions in scenario (1) above are satisfied, a static star 
cannot be formed if 


(D - 2) 2 


1 ~( 1 + u> ) ( D - 2 ) 2 AdR2 ~ 


For negative Ad, the constraint which must be sat¬ 
isfied for the nontrivial minimum mass to exist is 0 > 
w > —{D — 2 )/(D — 1). The minimum mass is given by 
the same condition, Eq. (lixfl) . It is interesting to note 
that the space-time is asymptotically AdS in this case. 
The pressure from the dark energy is, however, positive 
and thus helps to support the star against gravitational 
collapse. 

For | Ad 11? 2 1, the generic minimum mass-radius 

ratio or, strictly speaking, radius power, for both positive 
and negative Ad becomes 

( M \ _ c 2 n D _ 2 (-A D R 2 ) ( D- 1\ 

\R D -*) min 8nG D (D — 1) V + W D — 2J 

(55) 

Interestingly, the minimum mass-radius power ratio in 
this limit can be cast in terms of the minimum density 
in any number of dimensions as 

c 2 A D ( D-l \ 

8ttG d \ W D — 2j 

(56) 


\U — LjlVl 


On the other hand, the maximum mass-radius power 
ratio for |Ad|^ 2 -C 1 is given by 


M 


c 2 Od_ 2 (D — 2) 2 
8t tG d (D- l) 2 


£>-l 
D -2 


A dR 2 


^1 + w 


D — 3\ 
D -2 ) 


This is greater than the Buchdahl limit for Ad <0 and 
w > — {D — 2)/(D — 3), and vice versa. 


1 + 2 w 



A d R 2 


8t tG d M 

c 2 n D „ 2 R D - 3 ' 


IV. JEANS INSTABILITY OF THE DARK 
ENERGY FLUID IN ARBITRARY SPACE-TIME 
DIMENSIONS 


An interesting physical possibility is that the dark en¬ 
ergy fluid, satisfying an equation of state pde = wpDe 
with w = wo = —1, could condense gravitationally to 
form stellar type stable compact objects, satisfying the 
same equation of state as the initial medium, but with a 
different parameter w ^ — 1. The condensation process 
can also be described phenomenologically as the result 
of a viscous type dissipation process, which triggers the 
transition between the two fluids. Therefore, to study 
the dark energy condensation process in the linear New¬ 
tonian regime we need to include dissipative effects into 
the fluid dynamical description of the transition. Hence, 
we assume that the dark energy fluid has an initial den¬ 
sity p$ E = AdC 2 /8ttGd and pressure Pde, which satisfy 

the equation of state Pde c2 +Pde = 0- The fluid also has 
dissipative properties, characterized by the bulk viscos¬ 
ity £oi an d the shear or first viscosity rjo [4lj, describing 
the internal ‘friction’ of the decaying dark energy. The 
possibility that dark energy may have some anisotropic 
stresses, which can be modeled with the help of a viscos¬ 
ity parameter, in addition to the standard sound speed 
equation of state parameters was considered in (4^ ■ 

We assume that the dark energy condenses, or expe¬ 
riences a phase transition into a non-relativistic fluid, 
which can be characterized by a density pde, a pressure 
Pde = wpde-, a velocity v, a gravitational acceleration 
g , a bulk viscosity coefficient £, and a shear viscosity co¬ 
efficient r]. 
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A. Hydrodynamical and first order perturbation 
equations 

In the following analysis, we adopt the Newtonian ap¬ 
proximation, in which the dynamical evolution of the 
dark energy fluid is described by the continuity equa¬ 
tion, the hydrodynamical Navier-Stokes equation, and 
the Poisson equation. For spherically symmetric systems 
in D space-time dimensions, with (t,r) £ 3ft x lft' D ^ 1 , the 
equations of motion for the dissipative dark energy fluid 
can therefore be written as 


dp Id 
dt + r D ~ 2 dr 


(r D ~ 2 pv) = ^ + V • (pv) = 0, (57) 


dv 

dt 

1 

P 


dv dv 

v fr = at +iv ' v)v = - 

AS+I(« + D v ( v -- 5 ), 


Pde 


-V pde + g + 


(58) 


and 


1 d 


dr 


n- 2 


r D -2 


g) = V • g = -8tt 


D -3 
D- 2 


Gdpde- 


(59) 

The coefficient on the right-hand side of Eq. (15U1) , de¬ 
rived from Gauss’ law, is chosen so that this is consis¬ 
tent with the Einstein field equations in D dimensions, 
Eqs. fl3}. The gravitational acceleration satisfies the con¬ 
dition V x g = 0. As the initial (unperturbed) phase of 
the dark energy fluid, we consider the phase characterized 
by the absence of the gravitational forces, g = go = 0, 
and the absence of hydrodynamical flow, which implies 
v = vq = 0. Moreover, we assume constant values 
for the density and pressure, so that pde = P^e an< I 

Pde = Pde- The dark energy phase transition, or con¬ 
densation process, leads to the generation of a gravita¬ 
tional interaction in the dark energy fluid, and to small 
perturbations of the hydrodynamical and thermodynam¬ 
ical quantities, so that 

(0) . (1) (0) . (1) 

Pde = Pde + Pde, Pde=P de + Pde > v = v 0 +v 1 , 


g = <?o + <?i, 


C = Co+Ci, V = Vo + Vi, 


with the perturbed quantities satisfying the conditions 


- 1 < Pde/Pde < 1 


-1 < Pde/Pde < 1, 6 < Co, 
and r] respectively. In the first order of approxi¬ 
mation, Eqs. <G3 and (1551) take the form 


a (i) 

+ pglv . S, = 0, 


(60) 


with 

Vxff!=0, V-g^-SE^^jGDP^E , (62) 

where we have introduced the adiabatic sound speed 
v s in the condensed dark energy fluid, defined as v s = 

\JPde/Pde = \l d P ( DE/ d PDE = V™, with w ^ w o- It is 
important to note that the requirement that the speed of 
sound in the dark energy condensate be real imposes the 
condition w > 0 for the newly formed fluid. This implies 
the physically important result that the dark energy can 
condense only into a ‘normal’ matter fluid, satisfying a 
linear barotropic equation of state. 

Next, by taking the partial derivative of the continuity 
equation, Eq. m, with respect to the time, and with 
the use of Eq. USD, we obtain the equation describing 
the propagation of the density perturbations in the con¬ 
densed dark energy fluid as 




DE 


dt 2 


2w2 (i) i (T* 3)A dc 2 (i) 

p DE -\ — - p DE 


00 dt^ 2p ^ E 


D — 2 

" i —V 2 o (1) 

+ q ) Pde > 


where we have introduced the notations 
Vo - Co 


Bo := 


( 0 ) : 
Pde 


-o •— 


( 0 ) ‘ 
Pde 


(63) 


(64) 


B. Condensation of the ideal dark energy fluid 

If we neglect the viscous type dissipative effects in the 
dark energy fluid, that is, if we assume that So = ©o = 0, 
the equation describing the propagation of the density 
perturbations takes the form 


d~Pr>E „. 2 v 72 (i) , (-P 3)A pc (i) 


dt 2 


= vy^^E + 


D — 2 


Pde- 


(65) 


We now look for a solution of Eq. 


of the form 


(i) 

Pde <* ex P 


i (jt D 


, where wa, kp = constant. 


r - uj D tJ 

Thus, for the angular frequency wo, we obtain the fol¬ 
lowing dispersion relation 


z 2i 2 

LU d ~ V s^D ~ 


(D - 3)A dc 2 


From Eq. 


D — 2 

we see that, for k < k[P\ where 


( 66 ) 


dv i 
~dt 


V* (1) . . Vo , 

^Pde+9 i + v i + 


(o) 

Pde 


(o) 

Pde 


W(«» + |)V(V'»-1): 


( 0 ) 

Pde 


(61) 


{D)= I (D-3)A dC 2 

J V ( D - 2 >s 


(67) 


is the Jeans wave number, up becomes an imaginary 
quantity. In this case, we have an instability in the 
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dark energy fluid, which implies that p^ E can in¬ 
crease (or decrease) exponentially. This leads to ei¬ 
ther a gravitational condensation (phase transition), or 
to a rarefaction. Therefore, for kp < kj D \ it fol¬ 
lows that u>d = ^-V S \Jhp — kj D ^ 2 = *Im u>d, where 
Im ojd = 2 — and, consequently, p\ oc 


exp [± |Imo;u| t\. 

Thus, when the mass of the newly formed dark fluid 
phase exceeds the mass of a sphere with radius 2n/k^\ 
a gravitational instability occurs, leading to the collapse 
of the system. The critical mass corresponding to the 
onset of the instability is the Jeans mass m\ D \ defined 
in D dimensions as 


M 


(D) 

J 


G£i) 



D—l 


( 0 ) 

Pde ~ 


^D -2 

D - 1 


It should be noted that, for D = 3, the Jeans mass is 
independent of A 3 . Hence, the four-dimensional Jeans 
mass of the condensed phase of the dark energy fluid can 
be expressed as HI] 

m ( 4) = 8V2WW. V 3 £! a -i/2 w 
3 vc/ G 

1.6 x 10 30 x (A cm -2 ) -1/2 g. (69) 

where we have written G 4 = G, A 4 = A, by convention. 
In four dimensions, we have A = 3 x 10 _ 56 cm~ 2 , and 
hence we obtain 

Mj 4) = 9.24 x 10 57 (—) 3 g = 4.62 x 10 24 x ( —) 3 M 0 . 

(70) 

Using the representation of the four-dimensional cosmo¬ 
logical constant in terms of the universal physical con¬ 
stants suggested in Eq. ©, we obtain the equivalent ex¬ 
pression for the critical Jeans mass of the condensed dark 
energy 


M ( 7 4) = 


8\/2 3 >3 e 6 
3 71 V c / hG 2 m 3 c' 


(71) 


The effective four-dimensional radius of the stable 
condensed dark energy system is then given by 


R 


(4) 

J 


2 3 / 2 7 r —— A -4 / 2 
c 


2 3 / 2 7T 


Vs e s 
c YiGm\(? 


5.13 x 10 28 x — cm. 

c 


(72) 


1. Ideal Dark Energy Jeans mass as a Chandrasekhar mass 


8n 


D- 2\ (d ” 1)/2 
D-3j 




(3-D)/2 

D 


( 68 ) 


Mcfn or the Chandrasekhar limit [43}, is given by the 
relation 


Mch 



m 


-4/3 



Tl 


(73) 


where m b represents the mass of the particle species giv¬ 
ing the main contribution to the stellar mass [43] (for 
example, in the astrophysically important cases of white 
dwarfs and neutron stars, ms represents the baryon 
mass) and mpi is the reduced Planck mass. Thus, it 
turns out that, with the exception of some composition- 
dependent numerical factors of order unity, the maximum 
mass of a compact star can be expressed in terms of fun¬ 
damental physical constants only. 

Using Eq. (ED, the four-dimensional Jeans mass for 
the condensed dark energy fluid can also be written in 
a form similar to the Chandrasekhar mass if we assume 
that dark energy consists of particles having an effective 
mass m e ff, which are given by 


3 / 2 

/s-ii-Z, ^\l/4 TYle 

meff = {Gh c) —3-. 


(74) 


The Jeans mass of the dark energy phase is then obtained 
as 


M 


(4) 


8 V2tt 3 (v s \ 3 


3 lei 

IagJ e// J 



(75) 


In this scenario, the effective mass of the elementary dark 
matter particles is of order of m e ff ~ 8 x 10 -2 ° g. 


An important result in theoretical astrophysics is the 
value of the maximum mass of stable compact objects, 
such as white dwarfs, neutron stars and quark stars (see 
[42| and references therein), obtained by Chandrasekhar. 
This maximum mass, known as the Chandrasekhar mass 


C. The effect of the bulk viscosity on dark energy 
condensation 

In order to investigate the effects of the dissipative pro¬ 
cesses on the Jeans condensation of the dark energy fluid, 
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we consider a simple case in which we neglect the shear 
viscosity by taking 0 O ~ 0. The only viscous dissipative 
effect is then given by the bulk viscosity and the equation 
describing the density perturbations of the dark energy 
fluid takes the form 


d 2 PpE 

dt 2 


2 ( i ) . (D-3)A d c 2 


vt^P'bE + 


D-2 


Pde ' " 


°at v2p ^' 
(76) 


By looking again for plane wave solutions of Eq. m 


of the form oc exp i (jzp ■ f — topt'j 
generalized dispersion relation 


we obtain the 


up = v 2 k 2 D + iE 0 k 2 D uo D - 


(D - 3)A pc 2 
D-2 


(77) 


The D-dimensional dispersion relation for dark energy 
in the presence of bulk viscosity has the solutions 


top = i- 


■ —ok 2 D 


± 



(78) 


where 


V. QUANTUM IMPLICATIONS OF A 
CLASSICAL MINIMUM MASS DENSITY 


In this Section, we consider the quantum mechanical 
implications of a classical minimum mass density, implied 
by the generalized Buchdahl inequalities in the presence 
of a positive cosmological constant, A > 0. For simplicity, 
we consider the D = 4 case, in which the generalized 
Buchdahl inequality implies |T§] 

A S M A 

2GM>-P, p = — >—=.. Pmln , (83) 

where p m in denotes the minimum density. 

We now define the (non-reduced) Planck length and 
mass scales as 


R P := 


Mp := 


I he 
G" ’ 


(84) 


and the (non-reduced) Wesson masses [44| as 


Mw •= 


M^:=f GVA 


M 2 


Mw ’ 
(85) 

where we have parameterized A in terms of a character¬ 
istic length scale via 


,(°) 


^ + (79) 


Thus, from Eq. (1751) . it follows that we obtain a 
time dependent exponential regime for < 0, and 
a damped oscillatory regime for to >0. It is impor¬ 
tant to note that the pure oscillatory Jeans condensation 
regime of the D-dimensional ideal dark energy fluid is 
lost. On the other hand, the viscous effects do not change 
the threshold value of the Jeans mass of the dark energy 
fluid, though they may drastically modify the evolution 
of the perturbations. 

The equation to^ = 0 has two solutions for kp , given 

by 


;-± — 
e d — 


V2v 


l±tl- 


Sg D ~ 3 
v* D-2 


Ape 2 


1/2 


(80) 


and the existence of such solutions imposes the constraint 


D-2 


(D - 3)A d c 


,2 S ! 


(81) 


or, equivalently, 


£o < 


1 D-2 


Ape 2 


(82) 


8t tG d V D- 3 
on the bulk viscosity coefficient of the dark energy fluid. 


A= : 4- (86) 

% 

In his original definitions [DJ , Wesson used h instead of 
h but, for convenience, we adopt the definitions in Eq. 
(1551) and use the non-reduced Planck scales, since these 
are analogous to the standard definition of the Compton 
wavelength using h, not H. Hence, Rw is just the Comp¬ 
ton wavelength associated with the first Wesson mass, 
Mw- The approximate value of the second Wesson mass 
is therefore M' w « 1.347 x 10 56 g, which may be inter¬ 
preted as the mass of the observable universe, whereas it 
has been suggested that Mw ~ 1.809 x 10 -65 g should be 
interpreted as a minimum mass scale in nature S Il2l.|44| . 

Another way to derive is to note that the tem¬ 
perature and entropy of the de Sitter cosmic horizon are 
given by [isj 


and 


k B T 


3 (he) 
2ttRw ’ 


S = 


AirRwk B c 3 
12 Gh 


(87) 


( 88 ) 


respectively. Using the Smarr formula for a non-rotating 
uncharged black hole, 


Mbh 


2TS 


we obtain the mass of the corresponding black hole as 


Mbh 


l [J 
G V A’ 
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which is simply the second (non-reduced) Wesson mass 
M(y. Thus, this mass can be naturally interpreted as 
the maximum possible mass contained within the de Sit¬ 
ter horizon, above which the observable universe would 
collapse to form a cosmic black hole. In addition, as 
Rw ~ 10 26 cm is of the order of the current horizon ra¬ 
dius, we may interpret the proposed bound M > Mw 
in another way, at least at the present epoch, as stating 
that no particle can have a Compton wavelength larger 
than the radius of the universe. 

However, combining the classical bound on the mass 
density, Eq. (1831) , with the Compton bound on the radius 
of a quantum mechanical object 


R > Rc := 


h 

Me’ 


(89) 


leads to a new prediction of a minimum mass scale: 


M > Ma := —j=\/MpMw- 
v 2 


(90) 


This implies the existence of a maximum Compton ra¬ 
dius: 


Rc < Ra := V2\/RpRw- (91) 

These new critical scales, M\ and Ra, are functions 
of Mp and Mw or Rp and Rw, respectively. That is, 
unlike the Wesson masses defined in Eq. (l85l) . or their 
associated length scales, and unlike the Planck scales Eq. 
(1M1) . each depends on all four ‘universal’ constants G, c, 
h and A, simultaneously. Using the approximate values 
given above, the new scales can be estimated as 

Ra « 9.002 x 10“ 3 cm, M A « 2.456 x 10” 35 g. (92) 

For comparison, the current upper bound on the average 
neutrino mass obtained from the Planck mission data is 
M„ < 0.23 eV = 1.8 x lO’ 33 g [H 

We may also associate a temperature with a given 
mass scale via the identification T ~ Me 2 /kp, where 
kp ~ 1.381 x 10 _23 JK _1 is Boltzmann’s constant. In¬ 
terestingly, defining the temperature T\ associated with 
the minimum mass Ma via 


1 Mac 2 
107T kp 


(93) 


gives Ta ~ 3.18K. This is remarkably close to the current 
temperature of the CMB radiation, though the numerical 
value of the constant of proportionality is somewhat ar¬ 
bitrary, here being chosen to match the numerical factor 
in the Einstein-Hilbert action. 

Nonetheless, it is interesting that this mass scale has 
previously been proposed as a minimum mass for stable 
dark matter relics, based on loop quantum gravity cal¬ 
culations 0]. Sub-Planck mass loop black hole (LBH) 
solutions have been shown to exist if quantum gravity 
effects give rise to a quadratic generalized uncertainty 
principle (GUP) [47}. In this case, the usual relations 


between the black hole mass, its horizon and its tem¬ 
perature invert at M ~ Mp, so that R$ oc M _1 and 
Tp oc M for M < Mp. Such objects behave like ‘black 
atoms’, but continue to decay via radiation emission un¬ 
til they reach thermal equilibrium with the CMB photon 
bath j47} (see also 0 and references therein). 

We can also use the fact that the Planck density 
must be greater than the minimum classical density, 
pp > Pmin, to place theoretical constraints on the val¬ 
ues of M w and R w relative to M P and Rp, respectively, 
and hence on the value of A in terms of the other three 
constants G, c and h. The Planck density is defined as 


3 M P 3 c 5 

4-7Ti?p 47 t hG 2 ’ 

so that 

Rw > — Rp, Mw < 2 Mp. 


(94) 


(95) 


These conditions are satisfied (by many orders of magni¬ 
tude) for the actual values of Rw, Rp, M w and M P but 
it is interesting to note that, regardless of the measured 
values of G, c, h and A, they leave two possible scenarios 
for stable compact objects which behave quantum me¬ 
chanically: 


Rp < Rc 8 Ra •$= 

=> M P > M > M a , 

(96) 

Rc < Rp < Ra <= 

=>• M > Mp > M a . 

(97) 


The horizons of a Schwarzschild-de Sitter black hole are 
defined by the equation 

i? 3 — RyyR + RwRs ^ 0, (98) 

so that the inner horizon is of the order of the standard 
Schwarzschild radius Rs, whereas the outer horizon is 
comparable to the horizon of the universe, Rw- There¬ 
fore, Eq. ( 1961 ) corresponds to the realm of elementary 
particles, whereas Eq. (1W1) corresponds to objects with 
the potential to form black holes, if compressed beyond 
the critical radius implied by Eq. m- 

Eq. ( 1961 ) may have profound implications, since it pre¬ 
dicts the existence of a phenomenologically significant 
length scale Ra which, we may conjecture, demarcates 
the boundary between quantum mechanical and classi¬ 
cal behavior. This may have implications for the study 
of gravitational decoherence. Surprisingly, despite the 
common interpretation of the cosmological constant as 
a ‘gravitational’ phenomenon, relatively little work had 
been done on this topic in the context of models with 
A^0 (see [4!| and references therein). 

Furthermore, setting 

9 RpM 

Rw > Rmin := — (99) 

implies 

M 2 

M<M^ ( 100 ) 
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which bolsters the claim that M' w should be interpreted 
as a maximum mass. By contrast, the classical mini¬ 
mum radius for a gravitationally stable object may ei¬ 
ther be above or below the maximum Compton wave¬ 
length: Rmin < Ra implies that the system behaves like 
a quantum mechanical ‘particle’, whereas Rmin > Ra 
corresponds to the classical regime. Using Eq. m and 
defining 

M' a := M 2 p /Ma, ( 101 ) 

the different regimes may also be defined via the mass of 
the system, so that 

Rmin >RA <=> M>M' a 
R min — r a M<M' a . (102) 

In summary, the results obtained above suggest that 
systems with masses in the range: 

• M a < M < Mp correspond to elementary par¬ 
ticles, whose behavior is manifestly quantum me¬ 
chanical 

• Mp < M < M a behave quantum mechanically but 
have the potential to form black holes (which con¬ 
tinue to behave like quantum ‘particles’) if com¬ 
pressed below their Buchdahl limit 

• M a < M < behave classically and have the 
potential to form black holes (which continue to 
behave like classical particles) if compressed below 
their Buchdahl radius. 


In this model, both fundamental particles with mass 
M a < M < Mp and stable compact objects with masses 
Mp < M < M' a behave quantum mechanically: what 
they have in common is that both have radii R < Ra- 
These conclusions follow from a simple combination of re¬ 
sults from classical general relativity and ordinary quan¬ 
tum mechanics. 

We can also interpret the new length and mass scales 
in the following way. Let us begin by defining the min¬ 
imum classical energy density, given in Eq. (1551) . as the 
energy density associated with the cosmological constant 
which, in turn, is the minimum possible energy density of 
space-time, pa '■= Pmin- Next, we interpret this as a ‘sea’ 
of dark energy particles, each with effective mass Ma and 
associated Compton wavelength Ra = RpMp/M a- Fur¬ 
thermore, we assume that space is saturated with such 
particles and that the de Sitter vacuum expands in such 
a way as to maintain the associated energy density, so 
that 


3Ac 2 3 M a 

PA UrG ~ 4 t tR 3 a 


(103) 


Substituting for Ma and Ra, respectively, then yields the 
order of magnitude values defined in Eqs. (ED-®. 

Hence, by combining standard Compton type argu¬ 
ments, which imply a minimum radius for a quantum 


object with a given mass, with classical Buchdahl type 
bounds for A > 0, which imply a minimum mass density, 
we are led naturally to a picture in which dark energy 
is composed of a sea of quantum particles with effec¬ 
tive mass Ma oc A 1 / 4 . The associated mass density pa is 
given by Ma divided by the volume occupied by each par¬ 
ticle due to its Compton wavelength. In this picture, the 
dark energy condensation picture discussed in Sec. IIVI 
occurs due to fluctuations which lower the effective mass 
within a localized region, leading to local over-densities. 
This is equivalent to a local softening of the effective 
equation of state. 

It is interesting to observe that in the hierarchy of 
mass scales Mw < Ma < Mp < M' A < M' w , each 
mass is all related to its ‘neighbors’ by the geomet¬ 
ric mean Mi ~ yj Mj_iMj+i, for Mj_i < M* < 
M i+ 1, i = 1,2, ..,5, where {M 1 , M 2 , M 3 , M 4 , M 5 } := 
{Mw, Ma, Mp, M' A , M^y}. An illustration (not to scale) 
of the mass scale hierarchy is given in Fig. [Q Since the 


M w 


M P 


M' w 


FIG. 1: A schematic representation of the hierarchy of mass 
scales, related by geometric means. 

geometric relations are transitive among Mj _ \, Mj, M l+ \ 
and M^, M u M i+2 triplets, Fig. Q] also implies that 
~ M A /Mp which is straightforward to verifiy di¬ 
rectly. We note that these geometric relations originate 
from the following three physical constraints: (1) the size 
of a classical object is larger than or equal to its Comp¬ 
ton wavelength, (2) both a minimum mass and minimum 
density exist, in general relativity, in space-times with a 
positive cosmological constant, A > 0, and (3) the max¬ 
imum mass of a gravitationally stable classical compact 
object also exists in this scenario. 

Remarkably, these mass scales also admit other phys¬ 
ical interpretations. As stated above, there exist both 
sound theoretical reasons and empirical evidence to sup¬ 
port the claim that M(y should be interpreted as the 
maximum possible mass of a de Sitter universe. In ad¬ 
dition, it is straightforward to verify that the Chan¬ 
drasekhar mass for a condensate of particles of mass Ma 
is also equal, up to numerical coefficients of order unity, 
to M(y. Since we require M < M' w , this is is another 
way of saying that our (known) universe cannot collapse 
and must expand forever, as implied by observations sug¬ 
gesting a phase of accelerated expansion beginning at the 
current epoch mm. 

Furthermore, if we assume that dark matter particles, 
with mass Ma, formed from the condensation of dark en¬ 
ergy, this implies that the initial dark matter tempera¬ 
ture, at the epoch of formation, is equal to the (constant) 
temperature of the dark energy fluid in its original phase. 
Even if this is not the case, by envisaging dark energy 
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as a ‘sea’ of quantum mechanical particles, the onset of 
accelerated expansion then coincides with the point at 
which the temperature of the thermal bath of photons 
drops below the temperature associated with the effec¬ 
tive mass of the dark energy particles, M\, for the first 
time. It would be interesting to further investigate this 
in the context of thermodynamic interpretations of grav¬ 
ity (see, for example, [51H53I ] and references therein). In 
particular, one may hope to obtain a ‘thermodynamic 
interpretation’ of the coincidence problem, posed by the 
onset of accelerated expansion at the present time. 

We also note that the expression for the minimum ra¬ 
dius, R > Rmin — (R 2 P Rw) 1/3 ~ 10“ 15 m, which is of 
the same order of magnitude as the classical electron ra¬ 
dius r e , and which was obtained previously, by two differ¬ 
ent methods, in [hUTt}, may also be obtained a third way 
by requiring the density of the Universe to be less than 
the Planck density, (3/47r)M(^/i? 3 < (3/47 t) Mp/R p =: 
pp. In this context, Rmin = (RpR w ) 1/3 » T e may be 
interpreted as the minimum classical radius to which the 
known universe may be compressed before it exceeds the 
Planck density. 

Finally, before concluding this Section, we note that, 
using Eq. (144[) . we may obtain a further generalization 
of Eq. (1831) which is valid in arbitrary dimensions. An 
analysis similar to that given above should then yield re¬ 
sults valid for any value of D > 2. However, in this case a 
subtlety may arise, since it has recently been proposed in 
[Hof that, for space-times with compact dimensions, the 
Compton wavelength changes on scales Rc < Re, where 
Re is the length scale of the compactification. We there¬ 
fore leave a full analysis of the higher-dimensional case, 
including both spherically symmetric and non-spherically 
symmetric space-times, to a later publication. 


VI. CONCLUSIONS AND DISCUSSIONS 

The existence of dark energy, as proved by a plet hora 
of astrophysical and cosmological observations [33, 34j, 
has fundamentally modified the landscape of theoretical 
physics. If dark energy, represented by a cosmological 
constant, is one of the major components of the Uni¬ 
verse, it is a reasonable assumption to include it among 
the fundamental constants of nature [Uj. Hence, we can 
extend the set of fundamental constants, which can be 
taken as the speed of light c, the gravitational constant 
G, Planck’s constant h, and the cosmological constant A. 
Therefore, the mere existence of the cosmological con¬ 
stant, or, at least, of some form of dark energy, may im¬ 
ply drastic modifications or extensions of the basic laws 
of physics. 

If the set of fundamental constants is enlarged, it fol¬ 
lows that there are two different masses that can be con¬ 
structed from c, G, h and A [H]. The first Wesson 
mass, M\y = ( h/c ) i/A/3 ft 10 -66 g, may be relevant 
at the quantum scale , while the second Wesson mass, 
= (c 2 /G) a/3/A » 10 56 g, has the same order of 


magnitude value as the observable mass of the Universe. 

Prom a theoretical point of view, M' w can be obtained 
as the upper bound on the mass of a gravitationally 
stable spherically symmetric object in four-dimensional 
general relativity in the presence of a positive cosmo¬ 
logical constant, A > 0, and as the Jeans mass of a 
gravitationally unstable dark energy condensate, respec¬ 
tively. Alternatively, the Smarr formula for uncharged 
non-rotating black holes suggests that the mass of the 
Universe, Mp ft M(^, follows from thermodynamic prop¬ 
erties of the de Sitter horizon. 

In the present paper, we have extended previous results 
concerning the Buchdahl, Jeans and minimum mass lim¬ 
its, derived initially in four space-time dimensions with 
A > 0, to arbitrary D-dimensional, static, spherically 
symmetric geometries with generic Ap> ^ 0. We have 
shown that such limits exist and are well defined for D > 
4. Moreover, the existence of a minimum mass is closely 
related to the existence of a minimum density. From the 
investigation of the Jeans instability in the framework of 
a simple Newtonian model, we obtained M' w as the crit¬ 
ical Jeans mass of the dark energy fluid, corresponding 
to the mass of gravitationally stable dark energy objects. 
Using this result, we were also obtain a new physical 
interpretation of the cosmological constant in arbitrary 
space-time dimensions. From Eq. (ED , by taking the 
speed of sound v s in the gravitationally condensed dark 
energy fluid as approximately equal to the speed of light, 
v s ft c, we obtain for the .D-dimensional cosmological 

constant the expression A^ ft [(D — 2)/(D — 3)] kj D ^ 


where k^ = 2tt/r[jD) is the D-dimensional Jeans ra¬ 
dius. Hence, from a physical point of view, the D- 
dimensional cosmological constant represents the square 
of the D-dimensional Jeans wave number of the dark en¬ 
ergy fluid embedded in a higher dimensional geometry. 
In addition, with the use of Eq. Q, the mass of the Uni¬ 
verse Mi-j can be expressed, in four dimensions, in terms 
of the fundamental constants (c, G, H, e, m e ) as 


M{y ft Mp 


V3e 6 

cG 2 hml 


rim pi 

13 

L Pl 


(104) 


where Ipi = y^HG/c 3 and mpi = y/Hc/G are the re¬ 
duced Planck length and mass scales and r e and m e are 
the classical electron radius and rest mass, respectively. 

In addition, we investigated the quantum mechanical 
implications of the existence of both a classical mini¬ 
mum mass and a minimum density. By combining sim¬ 
ple Compton type arguments for the minimum radius 
of a quantum mechanical object, Rc, with the classical 
minimum radius, R m in (and assuming Rc > Rmin) we 
obtained a new minimum mass scale, M\ ~ y/MpMw ~ 
10 -35 g, where Mp denotes the (non-reduced) Planck 
mass, which depends on all four ‘universal’ constants, G, 
c, h and A, simultaneously. Interestingly, the tempera¬ 
ture associated with this mass scale is of the order of the 
present day CMB temperature. The associated length 
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scale Ra ~ \/RpRw ~ 10 -3 cm, where Rp denotes the 
(non-reduced) Planck length, represents the maximum 
possible Compton wavelength of a quantum mechani¬ 
cal object, suggesting an absolute maximum decoher¬ 
ence length associated with ‘gravitational’ decoherence 
through the interaction of the system with omnipresent 
dark energy. 

Furthermore, these considerations lead naturally to a 
model in which dark energy, represented at the classi¬ 
cal level by a cosmological constant, exists as a ‘sea’ of 
quantum mechanical particles, each with effective mass 
Ma and associated Compton wavelength Ra- In this sce¬ 
nario, the de Sitter vacuum expands so as to keep the en¬ 
ergy density of the particle ‘sea’, pa '■= (3/47r)(Ac 2 /G) = 
(3/4tt)(Ma/Ra), constant, and the dark energy conden¬ 
sation process corresponds to local fluctuations in the ef¬ 
fective mass, which is equivalent to local softening of the 
equation of state. Interestingly, in the hierarchical set 
of mass scales thus obtained, {Mi, M 2 , M3, M4, M 5 } := 
{Mw, Ma, Mp, M' a , M^}, each mass is simply the geo¬ 
metric mean of its nearest neighbors, Mi = 
for i = 1,2,.., 5, providing an elegant, though as yet un¬ 
explained, geometric relation between the series of fun¬ 
damental, phenomenologically significant mass scales in 
nature. Remarkably, by using dimensional analysis, the 
geometric relations can be shown to originate from the 
unique dimensionless quantity 

M 2 ~ M 3 ~ M 4 _ _ ( c3 

\HGA 



constructed from the four ‘fundamental’ constants. 
Namely, neighboring masses are separated universally by 
roughly 10 30 orders of magnitude. Therefore, we propose 
that 



~ RpA 


Rp 

R 2 

% 


M?v 

Mp 


M\V ^ in-120 

M'w ~ 

(106) 


should be taken as the fundamental dimensionless con¬ 
stant. It is the order of magnitude discrepancy between 
the expected value of the vacuum energy (assuming a 
quantum gravity theory with an energy scale character¬ 
ized by the Planck mass) and the observed value. It also 
has an interpretation as IV -1 , where N is the number 
of fundamental mass quanta in the universe. In other 
words, if we assume that all particles are made from fun¬ 
damental mass quanta of the order of the first Wesson 
mass, Mw, there must be N ~ IO 120 of these particles 
in the current horizon radius. 

In this case, there are 


_ M a 
HA M w 



TV 1 / 4 


10 


30 


(107) 


fundamental mass quanta in each dark energy particle, 


and 


N a = 


f Rw 
\Rl 


3 


Mp_\ 3/ = Mw_ = N 3/4: ~ 10 90 

M w J Ma 


(108) 

dark energy particles within the horizon at the present 
epoch. Hence, the above considerations may ‘explain’ (or 
at least interpret from a simple physical point of view) 
the multiplying factors between the different mass scales 
in the particle mass hierarchy. 


Another interpretation of the dimensionless quantity 
R 2 P A is the ratio between Planck area and the area of the 
cosmic horizon. Holographically, this is the number of 
quantum gravity bits present on the boundary. The fact 
that the total number of bits on the boundary is equal 
to the total number of quanta in the bulk space indicates 
that holography is at work in the entire universe. 

Finally, we note that the existence of mass/density 
bounds in the asymptotically AdS case, when the dark 
energy satisfies the conditions w > — (D — 2)/{D — 
1), Ap, < 0, has interesting implications from the view¬ 
point of holographic duality. The maximum mass bound 
for a given radius guarantees that any object with larger 
mass will inevitably collapse to form a black hole. Holo¬ 
graphically, the maximum mass would correspond to the 
maximum temperature (identified with Hawking temper¬ 
ature of the maximum mass black hole) of the dual gauge 
matter before the inevitable deconfinement phase transi¬ 
tion occurs [H, 0. On the other hand, the existence of 
a minimum mass and a minimum density determines the 
conditions under which a gravitationally stable, static ob¬ 
ject can be formed in the presence of dark energy. If the 
average density of the object is too small, it will not be 
able to support itself gravitationally under the outward 
pressure. At present, it is unclear what the gauge the¬ 
ory dual of this minimum mass/density should be, since 
the boundary space is always asymptotically AdS regard¬ 
less of the mass and size of the static star located at the 
center. We leave this interesting question for a future 
publication. 
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